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$\mathcal{A}_{r}^{(k)}=\langle N, \mathbb{Z}_{k}, E, \delta\rangle$ (CA) . , $N\in N$
, $\mathbb{Z}_{k}$ , $E:=\{e_{1}, e_{2}, \cdots e_{r}\}$ ($e_{1},$ $e_{2},$ $\cdots e_{r}$ ) , $\delta$ : $\mathbb{Z}_{k}^{r}:=$
$\bigvee_{r}\mathbb{Z}_{k}x\cdots x\mathbb{Z}_{k}arrow \mathbb{Z}_{k}$
. , . CA $\mathcal{A}_{r}^{(k)}$
$k^{k^{r}}$ , $R$ .
$R:= \sum_{\epsilon_{1},s_{2},\cdots,\epsilon_{r}\in Z_{k}}\delta(s_{1}, s_{2}, \cdots s_{r})k^{k^{r-1}\epsilon_{1}+k^{r-2}\epsilon 2+\cdots+k^{0}s_{r}}$
, $s_{1},$ $s_{2},$ $\cdots s_{r}\in \mathbb{Z}_{k}$ . $c:\mathbb{Z}_{N}arrow \mathbb{Z}_{k}$ CA
$\mathcal{A}_{r}^{(k)}$ , $F$ .
$F(c)=c’$
,
$c’(i)=\delta(c(i+e_{1}), c(i+e_{2}),$ $\cdots$ , $c(i+e_{r}))$ $(i=1,2, \cdots , N)$
, $c(i)\in \mathbb{Z}_{k}$ $i$ $F$ CA $\mathcal{A}_{r}^{(k)}$
.
CA $\mathcal{A}_{r}^{(k)}$ de Bruijn $c_{r-1}^{(k)}$ [14], CA
[13]. $\mathcal{E}$ de Bruijn $c_{r-1}^{(k)}$ , $\mathcal{E}$ $\mathbb{Z}_{k}$
$\phi$ , $\mathcal{E}$ $\mathbb{Z}_{k}^{r}$ , $\phi$ CA $A_{r}^{(k)}$
$\delta$ . , $\phi$ $\mathcal{A}_{r}^{(k)}$ .
$R$ $\phi$ $\phi_{R}$ . $\phi_{R}$ : $\mathcal{E}arrow \mathbb{Z}_{k}$ , , $G_{r-1}^{(k)}$
$\text{ ^{}k)}$ $[15, 16]$ . $\mathcal{A}_{r}^{(k)}$ $k^{N}$ , $c_{r-1}^{(k)}$ $N>l$
$N$ $k^{N}$ , .
de Bruijn $c_{r-1}^{(k)}$ $M_{R}G_{r-1}^{(k)}$ [17]. $M_{R}G_{r-1}^{(k)}$ , $m_{ij}$
$(i,j=1,2, \ldots, k^{r-1})$ $k^{r-1}xk^{r-1}$ .
$m_{ij}=\{\begin{array}{ll}a_{1} if v_{i}v_{j} is an edge and \phi_{R}(v_{i}v_{j})=l(l=0,1, \ldots, k-1)0 otherwise\end{array}$
, $v_{i}$ $G_{l}^{(r)}$ , vivj $v\iota$ $v_{j}$ .
$M_{R}G_{r-1}^{(k)}$ $T(W)$ . , $T(W)=\oplus_{i=0}^{\infty}W^{\otimes i}$ ,





Theorem 1 CA $\mathcal{A}_{r}^{(k)}$ $R$
tr $[(M_{R}G_{r-1}^{(k)})^{N}]$
$k^{N}$ .
$k=2$ $r=3$ ECA $A_{3}^{(2)}$ [1]. ECA , $M_{R}G_{2}^{(2)}$
$N$ , [13].




154166180210 457589101 $N=1(mod 2)$
1702401585 All $N\in N$
20451 All $N\in N$
1 3, 4 , 1
, mod2 . , 2
. , 154. 166, 180, 210
$\mathbb{Z}_{2}$ .
3
154, 166, 180, 210 reflection conjugation [1],
154 . 154 $N$ .
$\delta$ 154 . , $f$ : $\mathbb{Z}_{k}arrow \mathbb{Z}_{k}$ .
$f(c(i))=c(i-1)$ $(i=1,2, \cdots N)$




$c’(i)=\delta(c(i-2),c(i-1),c(i))$ $(i=1,2, \cdots N)$
. .





, $c(i)$ 10 $(i)=1+c(i)(mod 2)$
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. $t$ $2L+1(L\in N)$
$b_{0}^{t},$ $b_{1}^{t},$ $\cdots b_{2L}^{t}$ . , $b_{0}^{t},$ $b_{1}^{t},$ $\cdots b_{2L}^{t}$ .
$b_{0}^{t}=1$ and $b_{2i+1}^{t}=0$ for $i=0,1,$ $\ldots,$ $L-1$ and any $t\geq 0$ (3)
,
$b_{0}^{0}=1$ and $b_{2i+1}^{0}=0$ for $i=0,1,$ $\ldots$ , $L-1$ (4)
. (3) (2) ,
.
$b_{0}^{t}=1$ and $b_{1}^{t}=0$ for any $t\geq 0$ (5)
, 8 , (3) ,




$b_{i}^{t+1}=b_{i-2}^{t}+b_{i}^{t}$ $(mod 2)$ $(i=2,3, \ldots , 2L)$ (6)
, $\mathbb{Z}_{2}$ . ,
















. , 1 ,
mod 2 .
3.3
$L$ , $s$ .
$s=L^{\log_{2}L\rfloor}$ (7)




$T(x)^{2^{n}}=1+x^{2^{\mathfrak{n}+1}}$ for $n\geq 0$
(7) .
$2^{8+1}\leq 2L<2^{s+2}$
$T(x)^{2^{*+1}}B(x)^{t}$ , $x^{2+2}B(x)^{t}$ $2L$ , $x^{2^{*+2}}B(x)^{t}$ $0$
. , $T(x)^{2+1}B(x)^{t}=B(x)^{t}$ . $T(x)^{n}B(x)^{t}=B(x)^{t}$
$n<2^{\epsilon+1}$ , $n$ $2^{s+1}$ , $s’<s$
$n=2^{s’+1}$ . ,
$2^{s’+2}<2L$
, $s’$ $x^{2^{\epsilon’+2}}B(x)^{t}$ $0$ . , $T(x)^{n}B(x)^{t}=B(x)^{t}$
$n<2^{\epsilon+1}$ .
$B(x)^{t+n}=B(x)^{t}$ , $T(x)$ $B(x)^{t}$
. , $2L+1$ $2^{\epsilon+1}$ .
.
$N$ $c$ $2L_{1}+1,2L_{2}+1,$ $\cdots 2L\downarrow+1(L_{1}\leq L_{2}\leq\ldots\leq L\iota\in N)$ $l$
. , $L_{1}\leq L_{2}\leq\ldots\leq L_{t}\in N$
$s_{i}=\lfloor\log_{2}L_{i}\rfloor$ $(i=1,2, \ldots, l)$
183
. , $G$ , $c$ $2^{s_{1}+1},2^{s_{2}+1},\cdots$ ,
$2^{s_{l}+1}$ , $2^{\max_{=1}^{l}[s_{i}+1]}=2^{s_{l}+1}$ . $G$ 154
$\delta$ $f$ $f\circ\delta$ , 154 $F$ $2^{s_{l}+1}$
$2^{s_{l}+1}$ . $c$ $N$
, $2^{s_{l}+1}$ . ,
Proposition 1 $c$ 154
$2^{s_{l}+1}N$
. , $c$ $2^{\epsilon\iota+1}N$
.
, $N$ , $N$
.
Corollary 1 $N$ $P_{\max}$ .
$\frac{1}{2}N(N+1)\leq P_{\max}\leq N(N-1)$
4
, $Js-Js154$ $\mathbb{Z}_{2}$ (6)




$k\in N$ $r\in N$ CA $A_{r}^{(k)}$ .
4.1
154 $G(1)$ , 1(resp. $0$ ) 10 $0$ (resp.
1) . , 10 $\mathbb{Z}_{2}$ .
$(\begin{array}{ll}0 l1 0\end{array})$
, $f$ : $\mathbb{Z}_{k}arrow \mathbb{Z}_{k}$
$f(c(i))=c(i-e_{r})$ $(i=1,2, \ldots, N)$
$\delta$ $f\circ\delta$ CA $\mathcal{A}_{r}^{(k)}$ : $r-1$
$iO\ldots 0(i=0,1, \ldots, k-1)$
$(\begin{array}{llll}0 1 k -1\alpha i \alpha i+1 \alpha i+ k-l\end{array})$ (8)
184
$\mathbb{Z}_{k}$ . , $0\leq\alpha\leq k-1$ . , $c$ $i$
$c(j)$ $iO\ldots 0(i=0,1, \ldots, k-1)$ $\alpha i+c(j)$ . ,
$f\circ\delta$ .
$c’(j)=\{\begin{array}{ll}\alpha c(j-r+1)+c(j) if c(j-r+2)=\cdots=c(j-1)=0c(j) otherwise\end{array}$ (9)




, 1, 2 ; ,
.
1. $r-1$ $i0\cdots 0(i=1,2, \ldots, k-1)$ .
2. , $r-1$
.
3. $r-1$ $r-1$ ,
(a) $0\ldots 0$ $0\ldots 0$ 3 .
(b) , $r-1$ 2 .
4. 2 .
$r-1$ , , 1 $(mod r-1)$
. , $i=1(mod r-1)$
. $0\ldots 0$ , . ,
. $r-1$ .
, .
$R= \sum_{\iota_{1}.\iota_{2\prime}\cdots,s_{r}\in Z_{k}}\psi(s_{1}, s_{2}, \cdots s_{r})k^{k^{r-1}s_{1}+k^{r-2}s_{2}+\cdots+k^{0}s_{r}}$
(10)
,
$\psi(s_{1}, s_{2}, \cdots s_{r})=\{\begin{array}{ll}\alpha s_{1}+s_{r} (mod k) if s_{2}=\cdots=s_{r-1}=0s_{r} otherwise\end{array}$
.
Remark 1 CA $\mathcal{A}_{r}^{(k)}$ de Bruijn $c_{r-1}^{(k)}$ $v_{i}$ $v_{i}=(i-1)_{k}$ . ,
$(i-1)_{k}$ $i-1$ $k$ , $k$ $r-1$ $r-1$
$0$ . $c_{r-1}^{(k)}$ $M_{R}G_{r-1}^{(k)}$ .
, $M_{R}G_{r-1}^{(k)}$ (9) . $M_{R}G_{r-1}^{(k)}$
185
$i$ $k^{r-1}$ . , $M_{R}G_{r-1}^{(k)}$
; $S_{i}$ $\sum_{l=0}^{k-1}a_{l}$ :
$S_{i}=$ tr $[M_{R}G_{r-1}^{(k)}]= \sum_{l=0}^{k-1}a_{l}$ for $i=1,2,$ $\cdots$ , $k^{r-1}$ (11)
, $M_{R}G_{r-1}^{(k)}$ , $d(i)=c(i+e_{r})$
(8) , $v_{i}$ ,
(11) ,
. [13] , $k=2$ $r=3$ (11) ECA
.
4.2
$(r-1)L+1$ $b_{0}^{t},$ $b_{1}^{t},$ $\cdots b_{(r-1)L}^{t}(L\in N)$ .
, (9) , $\mathbb{Z}_{k}$
.
$b_{i}^{t+1}=\alpha b_{i-r+1}^{t}+b_{i}^{t}$ $(mod k)$ $(i=2,3, \ldots, (r-1)L)$ . (12)
, $t\geq 0$ $b_{0}^{t}$ 1, 2, . . ., $k-1$
. , $t\geq 0$ $i\neq(r-1)i(i=1,2, \ldots, L)$
$b_{j}^{t}=0$ (13)
. ,
$b_{0}^{0}\neq 0$ and $b_{j}^{0}=0$ for $j\neq(r-1)i(i=1,2, \ldots , L)$ (14)
. (13) (12) ,
.






, $\mathbb{Z}_{k}$ . $B(x)^{t+1}$ , $\mathbb{Z}_{k}$
$T(x)=1+\alpha x^{r-1}$
. , $i>(r-1)L$ $x^{i}$ $0$ .
186
43
, $k= \prod_{i=1}^{n}p_{i}^{m_{i}}$ . , $p_{1}<p_{2}<\cdots<p_{n}$ , $m_{1},$ $m_{2},$ $\cdots m_{n}$
.
$s_{i}=\lfloor\log_{p_{i}}L\rfloor$ $(i=1,2, \ldots, n)$
. , $M:= \prod_{i=1}^{n}p_{i}^{s+m}:$: . , .








, 1 $(r-1)p_{1}^{s_{1}+1}$ . , ${}_{M}C_{1}$ ,
$i<p_{1}^{\epsilon_{1}+1}$ ${}_{M}C_{i}=0(mod k)$ . , $i=p_{1}^{\epsilon_{1}+1}$
${}_{M}C_{pi^{1}}+1= \frac{M(M-1)\cdots(M-p_{1}^{s_{1}+1}+1)}{p_{1}^{\epsilon_{1}+1}!}$
$= \frac{\prod_{i=1}^{n}p_{i}^{m_{i}}\prod_{1=2}^{n}p_{1}^{s_{*}}}{p_{1}}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}(\prod_{i=1}^{n}p_{i}^{\epsilon_{*}+m_{i}}-1)\cdots(\prod_{(*)}np_{i}^{s_{i}+m_{i}}.-p_{1^{1+1}}^{*}+1)(p_{1}^{\epsilon_{1}+1}-1)(p_{1}^{s_{1}+1}-2)\cdot\cdot 1$






. $(r-1)p_{1}^{s_{1}+1}>(r-1)L$ . , (16) 1 $(r-1)L$
. $0$ , .
$T(x)^{M}B(x)^{t}=B(x)^{t}$
, $M$ .
$M$ $M/P1$ , $T(x)^{M/P1}$ 1
$M/p1p_{1}^{s_{1}\alpha^{p}x^{(r-1)p_{1^{1}}^{*}}}c\ddagger^{1}$
. (17) , $(r-1)L$ $0$ . , $M/p_{1}$
. $M$ $d$ , $T(x)^{d}$ , $d$
. , $M$ $T(x)$
$\blacksquare$
187
$(r-1)L_{1}+1,$ $(r-1)L_{2}+1,$ $\cdots$ $(r-1)L_{l}+1(L_{1}\leq L_{2}\leq\cdots\leq L_{l}\in N)$ $l$
$N\neq 0(mod (r-1))$ $c$ . , $L_{1}\leq L_{2}\leq\cdots\leq L_{l}\in N$
$s_{j}^{i}=\lfloor\log_{p_{j}}L_{i}\rfloor$ $(i=1,2, \ldots, l, j=1,2, \ldots, n)$
. , 1 ,
LCM $(\cdot:’$ $\prod_{i=1}^{n}p_{i}^{s^{l}.+m_{i}})=\max^{l}j=1(\prod_{i=1}^{n}p_{i}^{s_{i}^{j}+m})=\prod_{i=1}^{n}p_{1}^{s!\cdot+m_{i}}$
. (9) , .
, $\delta$ $F$
$F(c)=c’$
$c’(j)=\{\begin{array}{ll}\alpha c(j+e_{r}-r+1)+c(j+e_{r}) if c(j+e_{r}-r+2)=\cdots=c(j+e_{r}-1)=0c(j+e_{r}) otherwise\end{array}$ (18)
. $F$ in${}_{=1}P^{s+m}$: , $e_{r} \prod_{1=1}^{n}p_{i}^{\epsilon_{i}^{l}+m_{i}}$
$(mod N)$ . , .
Proposition 2 (18) , $c$
$\frac{N\prod i=1p_{i}^{\epsilon_{j}^{l}+m_{*}}n}{GCD(N,e_{r}\prod_{i=1}^{n}p_{i}^{s_{i}^{l}+m_{i}})}$ (19)
. , $GCD(A, B)$ $A$ $B$ . , $c$
, (19) .
$N$ , $N$ .
Corollary 2 $N=\mu\neq 0(mod (r-1))$ . , (18) ,
$N$ $P_{\max}$ .
$\prod_{i=1}^{n}\{p_{\dot{\iota}}^{m-1}:(\frac{N-\mu}{r-1}+1)\}\leq\frac{P_{\max}}{N}xGCD[(N,$ $e_{r} \prod_{i=1}^{n}p_{i}^{s^{l}.+m_{i}})\leq\prod_{i=1}^{n}(p_{i}^{m_{i}}\frac{N-\mu}{r-1})$
Example 2 $k=3$ $r=3$ . , $\alpha=1$ . , (9)
.
$c’(j)=\{\begin{array}{ll}c(j-2)+c(j) (mod 3) if c(j-1)=0c(j) otherwise\end{array}$
$R= \sum_{s_{1},s_{2},sa\in Z_{J}}\psi(s_{1}, s_{2}, s_{3})3^{3^{2}\epsilon_{1}+3s_{2}+s_{3}}=6155261949729$
. . $e_{r}=1$




1: $0,1,2$ . (9) .
101 . 2 , 1 $0$ , .
, . $(r-1)L_{1}+1,$ $(r-1)L_{2}+1,$ $\cdots(r-1)L_{l}+1$
$l$ $N$ . $(r-1)L_{t}+1$
$Q_{i}-1$ $(i=1,2, \ldots, l)$ . $(r-1)L_{i}+1$ Qi–l
, $2\cross l$ .
$(\begin{array}{lll}L_{l} L_{2} L_{l}Q_{1} Q_{2} Q_{l}\end{array})$ (20)
$\Delta$ $l_{\Delta}$ $r$ $N$ ; $\Delta=(q_{1}, \cdots q_{l_{\Delta}})(q_{1}, \cdots q\iota_{\Delta}\geq r)$ .
$N$ , (20) .
$\sum_{\Delta}\prod_{i=1}^{l_{\Delta}}(r\frac{q_{i}}{r-1}\rceil-1)$




, 154 . 154 reflection
conjugation 166, 180, 210 .
, ECA 4 ; , , ,
( 2). 2 45. 75, 89, 101 ,




154 $k\in N$ $r\in N$ CA $\mathcal{A}_{r}^{(k)}$ ,
CA . , (8) $\mathbb{Z}_{k}$
, ( 2). 154








. , $r=3$ $k=3$ . 00, 10, 20
.
$(\begin{array}{lll}0 1 20 2 l\end{array})$ $(\begin{array}{lll}0 1 21 0 2\end{array})$ $(\begin{array}{lll}0 1 22 1 0\end{array})$
, $N=1(mod 2)$ . , $N=3$
100 201 , 201 , 201 .
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